/ ip{ :f(D,p”LL,V)

_|'j_ ==
APy D, p, u— constant Pt V, p, u— constant
DAp,
py?
F D
(a) (b)
S—
Apy Apy
D, p, V- constant
D, V, u— constant
P B
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dimensionless products

D Apy pyVD
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Ap,=FL>* D=L p=FL T w=FL*T V=LT"!

DAp. . L) FOL070
Ap,=fD.p.p.7) mup PV°  FELTTHLTTY B ve ¢(pm)
pVD  (FL™*TY(LTY)L) Ry 2
— = FOLDTO
M (FET)
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This type of analysis is called dimensional analysis
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4 Buckingham Pi Theorem h

Slass b dlolee S a3 oo cdiind dslive golasl a5l a8 e k b aloles o (gl a5 ol o ool PSS s o (ysE

v

Sgas oolaiwl b psie plo ol lo glp Wiy o aS Cuwl v b ppsiie ool pewdiae Tl 2alS a9 yusio ket

dimensionless products (pi terms)
uy = flu, s, . . ., Uy) — [T, = ¢(I1,, I1;, ..., I1;,)
d(11,, I, . . ., I, _,) is a function of I, through IT;_,

ol gl eolaiwl LTy b yusie ploo ailyy o a8 Jod ol 5l g FL M, LT ale wigds oo ol Lol slal ol o1 sl pxia LILE
dg0d o golul & yqar Lol ol

T PSS g (2 )95 Ao e A o al gl sla i LS (riizres 5w (e la e 4 2b S (oS
S 00l

Step 1 List all the variables that are involved in the problem

Typically the variables will include
are necessary to describe the geomenry of the system (Such as a pipe diame ter)

any fluid properties (such as a fluid viscosity)

External effects that influence the system (such as a driving pressure drop per unit length)
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Step 2 Express each of the variables in terms of basic dimensions.
M LandTorF,L.,and 7 == (F = ma) F= MLT™ wmp p=ML7orp=FLT*

B TABLE 1.1

Dimensions Associated with Common Physical Quantities

FLT MLT FLT MLT

System System System System
Acceleration BF = LT Power FLT ! MEET
Angle T M°L°T® Pressure [ 5 e
Angular acceleration e = Specific heat ’177297! 120!
Angular velocity e = : - = =
P I I Specific weight FL ML °T -

- = = Strain { il o M°LOT?
Density e i fnﬂq B s FI-2 MIL-\T2
Energy L e Surface tension FL! MT™
Force F MLT - T . o o
k: B emperature :

Frequency F S ¥ R
Heat FL MI*T™? Time T T
Length I I Torque FL MI*T
— LT u Velocity Ir LT
Modulus of elasticity FL2 MLIT2 Viscosity {d}mc] FL'T ME T
Moment of a force FL MIT? Viscosity (kinematic) {5 or
Moment of inertia (area) 5 L Voliiic I3 I3
Moment of inertia (mass) FET? MI? Work FL MEIT
Momentum FT MLT™
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Step 3 Determine the required number of pi terms \

k is the number of variables in the problem (which is determined from Step 1)
k—r

r 1s the number of reference dimensions required to describe these variables == from Step 2

Step 4 Select a number of repeating variables, where the number required is equal to the
number of reference dimensions.

Al ot LT 1SS b e el a5 Wigds oo bl ol piie Cond ol 4o
3,59l Cawds 1) 0SS slul aslgs lasgs oS 5L say 0ail 0SS 5 Jaiaw gobol a5l aul eals Gl sla e :asSS

Step 5 Form a pi term by multiplying one of the nonrepeating variables by the product of
the repeating variables, each raised to an exponent that will make the combination dimensionless.

a. b.. c

UM USUS
u; 1s one of the nonrepeating variables; u,, u,, and u5 are the repeating variables:
a;, b;, and ¢, are determined so that the combination 1s dimensionless

Step 6 Repeat Step 5 for each of the remaining nonrepeating variables.

Step 7 Check all the resulting pi terms to make sure they are dimensionless

Step 8 Express the final form as a relationship among the pi terms, and think about what
it means. Typically the final form can be written as
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1+c=0
=3ta 4+ b—=Ac =10
=it 2er—sl)

(-

T a=1.b=-2.¢=—1
on 4 _ ApD

(forL) [ I, = sz

(for T')

1, = ApDV® p° wemp (FL3) L)Y (LT VX(FL™*T?F = F°L°T°

a. b, and ¢ must be determined — repeated for the remaining nonrepeating variables

00 B 3 T s U S U Y gl T e

=

1+e¢=20

—2+a+b—4c=0
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1—b+2c=0

]._Ig:

(for F)
(for L)

(for T)

(Step 6)

uDV*pf

/ (Step 1) D 1s the pipe diameter, B Epp— B
p and u are the fluid density and viscosity, D=1 Sten 2
Ap, = A(D 7) _ . (Step 2)
Pe > P> s V is the mean velocity p = FL™T?
p= ML w=FL"T
F=MLT’ e 71
p=FL*T* F.L,and Tor M. L, and T. u
(Step 3) v cpl 6l Shol oladl
(k= 5) ) (Step 4)| repeating variables
7+ (5 — 3). or two pi terms required
(r = 3) from the D, p. p. and V.
we will use D, V. and p as repeating variables
(Step 5)

a=—-1.b=—1c=-1

e

I,

L

~ Dp

==

/




/ (Step 7) check to make sure the pi terms are actuallv dimensionless
We will check using both FLT and MLT dimensions.

_ApD  (FLT)L) s (HE.<E)

[T = =FL'r® I, = = = FL°T®
2T w2 (BT ETY W TDp T @NETTNELT'T)
Ap.D (ML*T7*)(L ML=
= p*’z = ( = )El)z = BSESTE [l= iy ( = )_3 LT
o7 (ML)LTY DVp (L)LT YML?)
(Step 8) — A= N\ Drp Slml (sl i )0 (252 Dt Glg o0 Sl D50 50
P 8y e 1y Oog s @ ol ls Dl a5 05l azgs 0903
VD
I, = PrE
M
the relationship between [T, and I1, as
DAp,
2
D Ape _ ” (PVD) PV
pV?* Iz

University of Techno]ogy Jl'.!'
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Step 1
Ape=AD.p.it. V)

Step 2
Ap,=FL ~, ...

Step 3
E-¥F=3

}

Step 4
D, V,p

qe
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Step 6
I, = uD" oo
Step 7/
ApféD _ p07070
pl
Step 8
Ap D ( Iz )
sz DVp,




~

0 =0 (S50 695) $3gee amio o L)% 1 50 Jlow Bk 5l ed)lg (69,5 1 Sl
= A3l oo (W5 g ()8 ) 0y (g Sl g Jlow aidls § C il Jlow Co
W A 59] Cawds 1y LiolesT (sl 5o o590 s o Slael (o (5,955 5l eolail b
174 7< S —, ) . 1
- 9 =f(w.h.w. p. V) (using the MLT system) V' = LT
P:I.H [
B =MLT> w=L h=L pw=ML'T! p= ML
oAl
e k—r =6 —3 three repeating variables such as w, V. and p
: B m—— w7 — l1+c=0 (for M)
I1, = Qw'Vop® ™ (MLT *)YLY'(LT 'Y(ML7Y = M°LT® | 4 g1 p—3c=0 (forL)
a=-2b=-2andc=—1 wemp 7, =—2 —2-b=0  (forT)
wp
h
- ayrb _c i 2 —
L = mVp" (L)(L)(LT PML) = M°LT® a=-1.b=0.c=0 = [I,=—
1
Iy = 70" (ML'T )L (LT ML) = M°L°T® a=-1.b=—l.c= -1 -ﬂn3 =
7 (F) : M (FL™T)
= > 2 = T FOLOTO = = = FOLOTD
T (MLTHELTY) T e T T YEL T
o h L (L) e 0y 050 :
Hg—w—(L)—FLT {._;j :(;5(}_,: ,u,)q / _ (E-pﬁr)
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D. V. and p as repeating variables mmm) j‘pf‘? = (p(ﬂ)
pV- M

Ap, = fID. p. . -
pe = f(D. p. . V) | | A (pVD

D. V, and u as repeating variables mmm) Vi e T
DAp, D;ﬂpf

1

oi/2

p¥D pVD

u T

Both results are correct. and both would lead to the same final equation for Ap,
diil (oo O, pamie du o dloel 4 s o lis fols bl 0,5l Casds (sauaz dw g dlael g oo s slael pl cuS 5 L

[Ty = ¢(11,. I13)

[T, = qbll[ﬂﬂ. 1_13}

[T} = T14 1

(-

l_[1 = fﬁ'z(nz- ni)

Pt =
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pVD

. j.pf.DI
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pv’
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Ap, = fiD. p. p. V) 3,591 Cawds s golml BT 5l oolatwl b 1) am oygau dlael olg5

i -3 A FL_3 g . .
Ky ==L Pe . ( ;(?L-‘*r)?) =L (cancels F) aal, 5l F as ‘Wb‘ 2 S
. P i Cewl 0ol B3>
D=L
I e A Ape\ 1 I 1 |
p=FL T (_pf)F = (TZ) T = = (cancels T) S P red
g p 2
p = FL~*T
s i —s Di(—) EyEsE" cancels L L= —aar
(pVZ) L () ( ) ‘ pV?
u . (LT

B F[}L[}TE

Moy p=FL7T e [1, =

ApD —qb( M )
pV? pVD

pVD — (FL™*T3)(LT Y(L)
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/ Some Common Variables and Dimensionless Groups in Fluid Mechanics
___________________________________________________________________________________________________________________________________________|

Variables: Acceleration of gravity, g; Bulk modulus, E,: Characteristic length. €: Density. p: Frequency of
oscillating flow. w: Pressure. p (or Ap): Speed of sound, ¢: Surface tension. o: Velocity. V: Viscosity, w

Dimensionless Interpretation (Index of Tvpes of
Groups Name Force Ratio Indicated) Applications
pVt Reynolds number, Re nertia force Generally of importance in
i viscous force all types of fluid dynamics
problems
V Froude number, Fr mertia force Flow with a free surface
Vel gravitational force
P Euler number. Eu pressure force Problems in which pressure.
e SRR or pressure differences. are
of mterest
pV? Cauchy number.” Ca mertia force Flows m which the
—E'u compressibility force ;m_upresslbﬁlty of the fluid
is important
V Mach number.* Ma inertia force Flows in which the
c compressibility force compressibility of the fluid
1s important
wl Strouhal number, St mertia (local) force Unsteady flow with a
vV inertia (convective) force cha;‘a-::tgmhc frequency of
oscillation
pVH Weber number, We inertia force Problems m which surface
o surface tension force tension 1s mmportant
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Modeling and Similitude

Theory of Models

H im — QS( Hzm?

Hl e (t'(l_.[z, Hj,,. :

My ..o L)

I1,) prototype

model

5 o5 el LSy oadly aiged bt b Joa | Jolo gl sl o e
if the model is designed and operated under the fol lowing conditions
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‘ enevas I, = 11, model design conditions,
BEREEEEE FEFEEET | I1,,, = I, similarity requirements or modeling laws
D = fw. h, p. p. V)
I, = II, @ (w phw 9B, (11*m pmeu;,,)
B vf"-—-" “.EPVE o (,'b h" L Hﬁrpmy‘,zn hm J L. '
|
L™ . 11! o hm
Piﬁ E—E‘Hm—?ﬂ
= — ‘J'_L p 2
V_w ’ _ Mm
Pm m"m_ppm -Vm = ——J
.\u’m au" iu' Pm “m
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) D

S _ S, : Gy — w \ P 4 EG;_(
wpV? w.p,V, RN AVIAVAY A

Model Scales
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/‘L” gl s : v A I N
dx  dy i v B w B i Do ax  ox* ax € ax*
. - . . o2 o
P (ﬂ -+ ud—u Lﬂ) _ P + ([:; + dTu) x y ¢ Pu_ V a ({m*)ﬂx* V otu*
: - Ty : - = B - e = T
= v ¥ e e 0¥ 2 ¢ Y ¢ r* T ax?  €ox*\ox*/ ox €2 ox*?
(:‘m L ;m) ip P ({Fﬂ 5 .‘F*u)
— u —_ — =— =t —_1 - 5 -
P ot Jx dy dy 2 a? P ) du™ dv* — 0
. ax* = gy*
. ; E E " -
[pV] du* N [pP"] ( e 4 du*) [pg] dp* N |:,-1F] (nzu* cﬁ.r*)
L — H T — -1} ® — A LR
T | or® £ ax* dy* £ | ox* = E u'i_}r'$2
{ pV] dv* n. { pV‘}(H* du* Bl {m*): [po]oP* il pV] (v oot
T | ar* t ax* ay* ¢ | gy~ LPE & a2 7 g
Fre = Fr Fp Fg Fy
F,, = inertia (local) force
F,. = inertia (convective) force [ € |ou* Lo o { Po ]ﬂp* N { s | (r’izu* a?u*)
— A e |
F; = gravitational force TV ] or* dx* ay* pV?ax* — LpVl ] \ax* — ay*
F, = pressure force [ €| gv* By A [ Do ] Ip* [ gl 2 [ m ](r’ﬁv* azv*)
; — 2 Wai SEE 5y |55 =i B . 3 i
F;, = viscous force V] or* Ax* Ay pV? ] ay* Vi pVl |\ ox*?>  gy*?
‘ \l/ . / / ‘e« ooe
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