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Prediction of Turbulent flow — Part 3

By: M. Farhadi
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The turbulent viscosity 1s estimated — using dimensional analysis — as the product of a
turbulent velocity, U, and length scale, £,

v x UL The velocity scale is taken as k'/2 and the length scale as k%/2 /¢ which gives
u ~ kr, k2
Vt — C‘u T—
: 2 )
)
vi ~u X Im ~ k"> xk;* /" andhence, v =C,— C, = 0.09.
¢
One-Equation Model
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— v — vl [ — 4+ =viv! + V—— —g; fvll’
Or; 0x; Ox; | 7\p 27 Oz ;0x; .L.

ok _ 0k ov;
— +Uj— = —vlv!
ot 6’1"3 4 STJ
I [ 1
C* p*
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vl = —ay T Qp = op 0.7 < g9 < 0.9. turbulent Prandtl number
dv;  O0v;
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J;,,f;,;%_.,_;,, i =~
0v; 0v; 2 dv;
+ L) =S5k —
8$j 6‘:1:1- 3 8:53-
ov;  Ov;\ Ov;
e =Lf2§.3"§i'—|—ﬂi' 221,-’51"5.1"
afﬂj 8.1'1) (9’1?}' ‘ j( / j) e
0v;  0v; 1 /0v; 0v; 0v;
|- J . Qij = — —_ J . = Eij + Qij
5':53- @:1:1- 2 6':53- 811?1' a.‘fﬂj
the fact that 5;,;€2;; = 0 0v; /0x; =0
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There is no model for the pressure diffusion term. Itis Dk — i v+ ve \ Ok
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Figure 8.3: Channel flow at Re, = 2000. Terms in the k equation scaled by ul /v. Re, =
2000. a) Zoom near the wall; b) Outer region. DNS (Direct Numerical Simulation) data [15, 16].
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The dissipation term €5 1s active for the small-scale turbulence. Because of the cascade
process and vortex stretching the small scale turbulence 1s 1sotropic. This means that the
velocity fluctuations of the small scale turbulence have no preferred direction. This gives:

l. ,Uiiz_ 12 __ 12

= V5" = Us".

2. All shear stresses are zero, i.e. viv: =0 if 7]

because the fluctuations in two different coordinate directions are not correlated.

V7 7 Yol )ad!
Ovy ov]  Ovs Ov,

ovs dvg

(9;1'_:;f {’)Th 8.’1:;; f)T;L - 831 3.’1:;;, £ = EE(IJ-
Ly, 3 LV}
vl Ov; 0 if i ]
= 1 1
Oxy O J E = %Eii
— 3 B Turbulence
Ll3 — length scale
=0 7 k2 /
g -~ - s
Jk [ 4 L = Cpk¥?/t
=k
|, _  0vi ov] 0.07 < C, <0.09
6 8:(:3- 8:133' )
_| Turbulent Flow Modeling,

By: M. Farhadi



v
S dlg> 125 O yg0 4y V)98 (65l Wolae 8 --"ff' / ! f'/' }) ——
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0 vy \ Ok
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Turbulence
length scale

2
€ = CDk3f2/£/ vy = cﬂ%

0.07 <C, <0.09

The unknown turbulent length scale must be given, and often an algebraic expression 1s used.
This length scale is, for example, taken as proportional to the thickness of the boundary layer,
the width of a jet or a wake. The main disadvantage of this type of model is that it is not
applicable to general flows since it 1s not possible to find a general expression for an algebraic

length scale.
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Baldwin and Barth (1990)
Kinematic Eddy Viscosity:
Vg = C“URTDlDz

Turbulence Reynolds Number:

% (I.JRT) -+ Ujé% (vﬁT) = (Ceafz — Ce1) '\fufi!TP

0%(vRr) 1 Bvy O(vR.)

—{—(y i VT/UE) aiﬂka.rk CT_E 333;‘; B:I:k

Closure Coefficients and Auxiliary Relations:

Ca=12 Cu=20, C,=0.09 A} =26, A; =10

vV
..1—. == (CEZ —_— CE].) . ke = 041

e K2’

[(6[& 3Uj) ol; 2 OU 3Uk]
& =

Ox; T Oy ] 0% 3 Ozp Oxp

D, =1-e VA and Dy=1-¢¥/43

Cfl Cfl 1
e s 1 | — 4+ DD .

y+ D2 e TR F D] #+!;A+)j|
DDy + ( e~V Ao 4 eV
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Spalart and Allmaras (1992)

Kinematic Eddy Viscosity:
Vr = i}fvl
Eddy Viscosity Equation:
Oir o1 . P\° 1 8 aD O B0
— +Ujz— = 159 — curfu (—) ol [ g | 40 20 O
Ot ? Bz; 1/ d o Ok (v +7) Oz, F o Oz Oxx
Closure Coefficients and Auxiliary Relations
cp1 = 0.1355, cp2 =0.622, ¢, =7.1, o= 2/3
Chl (1 + Cbg)
Cuy1 = <2 pe sy Cyo = 03, Cwp3 = 2, k=041
fum=tor, asi- X Lty 17
ul = ’ fd = doe 3 = =
X3+('ul g 1 +Xful fw 4 [gﬁ +CE;3jI
g =7+ cyua(r® —7), S
Sk2d2

p{
I
ol

=5+ —2:13"2—
aU;/8x;) is the rotation tensor and d is

The tensor Q?;j = %(an/B:rj —
distance from the closest surface
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Original model

The turbulent eddy viscosity is given by
3

X
X2+ C3’

T

yt —_— 'Elfll'l'_l fl.‘]'. X —

[Cun fro — S fia] (B)” + fuAU?

ot “—13% = Cu[l = fulSo+ LV - [(v + D)VI] + Cy|Vi|?} -

a v - X =
S — S p v2, P l - S . — 29191
+ ledgf.-? for 1+ xf o V €2 bigd iy
1 Ou; Ou;
Qi =(—— _J
§ S D
- C\'h 1/6 | o &
w — 3 =7+ Cmf_:- T'h —gr)y == C
f g {g{} 13 u,i ’ ( ) Skr2d? (’::
o
Cow
f = Cugr exp (—sz INiE [d® + gfdzl) e
cw.'i
fi2 = Ci3 QKP(—CHX?) S:ﬂ
11
d 1s the distance to the closest surface Cha
Cis
Cha
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The constants are

2/3
0.1355
0.622
0.41

= Cp/k*+ (14 Cy)/o

I

0.3
2
7.1
1

15 |
2
By: M. Farhadi



Two-equation Models

The k£ — < model

The £ equation Ck =Pk L DF L GF — ¢

ok 0Ok (ai‘_ﬁ 8’@) 0v; LVt (‘)é
t

S Vim—m—— = I/ iD—
ot T T 0x; Ox T dz; ) Oz, T og 0x;

BN TANAY
- O o ) Ox;

The c equation (¢ = P°+ D +G° — U°

=

Ok/ot [m?/s3]
Oc/ot [m?/s*]
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The final form of the ¢ transport equation reads

de _ 0 ¢ i i 0 vy \ Oe
It —f—ﬂj a:rj — ,(CEIP —I_CE].G _CEQE)—{_ 6‘$j— |:(y—{— ) :|

de _ 0z = (35.; aﬁj) dv;

o " Van T "\ ax, T om ) oz,
L _EL"'t 6@_{3 EQ—I_ a U—I—yt 85 yt:C,k—Q
Elgik op Ox; 2% Oz o: ) Ox; “e

(cu,Ce1, Ce2,0k,0:) = (0.09,1.44,1.92,1,1.3)

Knowledge of k and € provides an estimation of the turbulent velocity scale
u' = 4/2k /3 and of an integral length scale from L s =~ u’ /€ . Moreover, from the
expression of the turbulent viscosity v, = u' x [,, = C ﬂkg /€ , the mixing length is

given by /,,, =~ J3/2Cﬁk3’!2/f .
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The k& — w Model specific dissipation rate, w (time) ! o/ U
P . ( ) _Lp Jurt 27N

1 vy T va o o i "
I/T fx k/w: € ot kl'/z/w, 'E e wk () o< E."‘j 1{( el gt |t

Wilcox (2006) k-w model.
Kinematic Eddy Viscosity:

25:;5:; 7
max {w, Clim Sg* - } » Cim =g

k .
M= "y W
w

Turbulence Kinetic Energy:

i k\ Ok
ak-{-U; £l Tij%—ﬁ*kw-l-ﬁ“l:(y"kd —) :l
5

o e Pz 3 Bz
Specific Dissipation Rate:
dw Ow w OU; , 04 Ok Ow 9] E) c%.:]
ot + U dx; “F T 3_:1:5,. i w Oz; Ox; * o v +Jw oz ;
Closure Coefficients and Auxiliary Relations:
13 " 9 1 . 3 1
(1225, 3—ﬁofﬁa )8 “ma 0_—_23 ag _51 Jdo_S
g, LE B
. 8.1:3- 3.1'2:,'
e o o gﬂ 0
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1 +85x, _ | 825525k Sk ==

T 1100y, X5 (B*w)?

Bo = 0.0708,

e=pf'wk and £=kV?%/u

1 /oU; oU,; 1 [/ OU; oU;
b, a3

ox; ox; 2 \ Oz; ox;
Rotta’s (1968) k-k¢ model integral length scale, ¢,
Rij(x, L l") = u:-(x, t) uj(x -+ r,t)
1
R §Rﬁ(x? t;0) and f Ha(x dsr)d
d _
o7 (KO) + Uj »— (kf) = c'me'rtj a
K3 8 6k ¢
+a$J [ 3333 (kf) -+ (I/T/O'{ 1)3—3 + (I’T/G‘L2)k 333]

CL] — 0-983 CLQ — 0-059+ 702(€/y)6, CD — O.Dg., Ok — 01,1 = Or2 = 1

14 Turbulent Flow Modeling, By: M. Farhadi



&
* L\)

The k-kL-MEAH2015 two-equation turbulence model MJ‘ o 200 ,/'3* W

O k9 (p0K) = Py - Cupir —9p X 4 9 (4 + o0 VK T
5, kL kL
2 (L) + V- (pU(KL)) = Cyy S0Py = Coppk/? — 6 1o BRI
. =C FAR)
+V - [(1 + o)V (KL)] Tk
_ o Ouw 1 N2 o _ 10w 9y
P = 9, Tij = 24 (S!j 3tr{S}§Tj) 3pkdu, Sij = 5 (an + E?Ii)
_ 3/4P% pk® >/2
P. = min (P 20C,, (kD) )
. (kL) \?
fo = 1+ Cné - pv/0.3kd k=041, C,=0.09
H — . -
L+ 204 G =12 (=097, (=013
U’ B — . 0%u; 9%, C — 10.0 Cyo = 1.3. C =A4.7
L1_.‘r = kK U.u' -V 281.?8131 U - (.-]I!Er 31-'_? 11 ? 12 ! dl1

A limiter is applied on L.,

LT.-'.F[‘.I:II]II i: L-u.l: E Lt-k.maxs L’L—'k.ﬂlill == (kL) : L'uk,max - Clﬂﬁdfp
. Py (kL)
fp = min [mar (C?H 1572 05) ,1.0}

Moo dag

Poc

kwan = (kL) =0, ke =9x1071%2 (kL) _ = 1.5589 x 107°
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Zeierman and Wolfshtein (1986) & gint
Zeilerman-Wolfshtein k-kT model e

autocorrelation tensor defined R; j (1, i t ) = u;(x, t)u; (x, t 4 t’)

The turbulence kinetic energy is half the trace of R;; with ¢/ = 0, while the

integral time scale is proportional to the integral of R;; over all possible values
of t’. Thus,

¥ 1 = , ,
k= ER“‘(X,t}O) and o l— 5 Rii(x, ;1) di
0

Kinematic Eddy Viscosity:
vr = CukT
Turbulence Kiunetic Energy:

6t 36:1:3- - TzJ@:L‘j N ﬂ’; + 8:1::,; > BB 3:1?3:

Integral Time Scale:

d 0 oU;
5{(&%7’) -+ Uj —(kT) = CflTTaijg_._:_ = C-;—gk
0 0
bt wefor) g (k)]

Cri =0.173, C.2=0.225, C,=0.09 o;=146; o;=108
w=1/(C,7), e=k/r and £=C,k'V%r
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Speziale, Abid and Anderson (1990) £ — 7 Model

_.-—"‘J% _)M/},/

€ =k/T the turbulent time scale 7 B ot
Kinematic Eddy Viscosity:
vr = CukT
Turbulence Kiunetic Energy:
ok ok oUu; k 9, ok
e A Ui — = e T4 —
ot Y Oz b ox; T G oz [(F +vr/o) 3:1?_-,-]
T equation
oT or oU;

3 * Uiy, = (= Cadgrugy, + (Ca—1)

—l—i [(u + UT/5T2)£T;:|

0x; &

ok oOr 2 ar Ot
-

2
+E(U + vr/on) Oz, 8:1:;; -t DT/UTQ)&E& oy

Cﬂ = 1. 44 Oﬁz —_ 183, CJu — 009, O = 0y = 0Oyg = 1.36

\/
W

§

<{
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Low-Re Number Turbulence Models

X 3 ¥ R R 5 T
e Pt it Nt

We start by studying how various quantities behave close to the wall when 2 — (.
Taylor expansion of the fluctuating velocities v (also valid for the mean velocities 7;)

gives

r 2
'L-"l — + 1T + ﬂ-gl‘z + ...

. = . I I I - -
no-slip conditions . v} = v5 = vy = () which gives ag = by = ¢

vy = by + bixo + baz; + at the wall 0v /0x; = dvs/dx3 = 0 so that
\ vy = co + 12 + caxs + ... the continuity equation gives dv,/dzrs = 0. b
! t:f = a__frﬁ - = O(x3)
‘ 72 _ p2.4 _ 4
VY, =a1re +  asrs 4+ ... t’fﬂ - b_f'j +- o O(Tj}
vy = boxs + ... :> U3 =T+ = O(:.-:?}
vy, =12 + c;;:r% + ... (R = arbyry 4 ... = O(x3)
k — (@ A3 +... =0
00, /0xy =71 +. = O(xy
Qvy/Oxy =17T1 +. = O(x3)
Ouvy [0xe =1a71+. = O(zY
5,(}'1'?]_;‘,' api‘_igk ) 3?*1 apfﬂé {5‘ lﬁ 8217"5.. 3?_., 8']1
+ = —pUivs — —PU5V;1 f—
dxy Oz dra  dry  Ora \ 2 dxZ i’}‘:rj. 8313
, " S— m—
3 :
O(x3) O(3) O(z5)
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dpvnk | dpigk o \° @ [ Ok Pk s ,y
+ = — +p— — pE e
dxq dxa Ht dxs T Oz \ op Ox2 / C‘}Iﬁ \__i__, {j/ j’.f/}’l/.'
_VT ~ ,,4 4 O(&“g S P gy ot oo
O(zy) O(z3)
dpoik  Opvak dvy Opvy 0 [(1——— 2 !
pouk | Optak _ 00 Opvy ( m,?:t,:) +Ma k a«; o]
C}Il 5‘3:2 3.1“,3 (3.1",3 . C};Tg 2 . 63‘;‘: f}Ij C}).Tj
. v N — o’
. :
O(x} O(x3) 0(x))
k2 O(x5
C = 2 = Oz
Lt 7] c O(Ig) (Iﬂ)
replacing the C), constant by C,, f,, where f,, is a damping function f, so that f, = O(z;")
when 2o — 0 and f,, — 1 when 25 > 50. Now we get 1y = O(x3). Please note that
the term “damping term” in this case is not correct since f, actually is increasing i
when x5 — 0 rather than damping it. However, it 1s common to call all low-Re number
functions for “damping functions™. [pt = O(43)
Oe _ 0Oe J Oe d%e g2
pU —— +,0v2— = El—PI" (#t ) + 1 — Coop—
Jdx1 Oxa Ox2 \ 0 Oxa 8;1:2 k
~. - .- \..—..1,—./ . ; \'_"'V"'_'J
ol o O(x;) ; 0 -~
(x3) 55‘2) 2 (z3) O(x,) O(x3 ")
92¢ £2 U5l o ued 4 g 0090 o3ll po Dyle 9o oyl
at the wall =0 — 0= Foaz ~ Ce2p7- (0,153 LS 10 ) 29 oo oolitul ols
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The Launder-Sharma Low-Re k — = Models

)

opUk  0pVk 0 | [t
ox " oy Oy _(# * O
apﬁé apvf o 0 _ Lt

or dy Oy (,u. N 0.

—

fi=1

=2
- ﬂE?f?.-O% + E

—-3.4

fa=1-0.3exp (—R7)

20

dy

0e

0

.

1+ RT/SDF) D=2 (

E = Z;iﬁt (
P

-

E
+ 'flffl E.“t

2
'k
dy
920

(

oU

0
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+pe | =— ) —pe
dy

4, 5 U

_1;*‘»- ‘Mw‘\-(-"rﬂﬁ‘ﬁ-':ﬁ‘-,‘ e ] ;n;

k.ﬂ

ft = Cufup—
e=e+D
0%k
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Jones-Launder Model

Jsf‘ j",«;,ﬁd» o gt
" L Y
fu= ¢~ 2.5/(14+Rer [50)
fi=1
2
fo=1—0.3¢ Fer
2
Vk
€p = 2V N
Jy k=¢=0 at y=0
U\
E=2 —_—
T (3312 )
Cfl = 145, CEQ — 2.00, C’J — 0-09, U.k — 1.0? Te = 1.3
Lam-Bremhorst Model
0%k
0o . e=v— at y= 0
fu=(1—e 01558 (1.4 20.5/Rer) By
fi=1+ ((a.o&'>2_/f,[.)3 Je . 0
fo=1—e Fer 'a_"': a U=
€, = () Y
E=90
Ca=14, Cy=192, C, =009, 0,=10, 0.,=13
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Chien Model

— —0.0115yt

fr=1
fo = 1 — 0.22¢~(Rer/6)°
k k=¢=0 at y=0
€ = 2u§§-~
E=—u—e v/

y2
Cq=135 Ca=180, C,=009, o6,=10, o.=13

all four models guarantee

2

k~y? and ¢/k—2w/y° as y—0
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The low-Re £ — w Model of Peng et al. WU/, u,./w"”* -~

",.* ») -m',w Tl

ok J - a [/ ve \ Ok _ .k
k) = Py — ci. frwk vt = fu—
ot N dx; UsF) Jx; _\\y+ o ) dx; | P = G #“-’
Ow 0 - a [/ v\ Ow | w Ok Ow
’ — T — (Cw1 JuPr — cuok
ot Oz (Uje) dx; l\y_l_ . ) dx; % (Corfobl = Cushew) + o (d.rj de>
4
fio=1—-0.722exp |— (?)
3/4 1 2
f#—0.025+{1—exp[ ]} 0.975 + 000 exp [— (;;—B) ]}
1/2 1/2
fo=14+43exp [— (E) ] , fo=1+43exp [— (E) ]
1.5 1.5
Cp. = U.Ug, Cul — 0.42, C2 = 0.075
- =0.75.0, = 0.8, o, = 1.
c 0.75,0, =028, o 39 Ry = k/(wr)

turbulent Reynolds number

The w equation is normally not solved close to the wall
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The low-Re £ — w Model of Bredberg et al. Még jj’»ﬁ"’ﬁ*ﬁ’ vm%

bt Al gty i Do

Ok Jd - d vy \ Ok

En + Oz (Ujk) = P, — Chw + 3_% [(U-i- UA;) 811?J

ow 0 - w k
5 " (Ujw) = Cn TP — Cuow’+ Ve = Cpufu—

1/ 4 5k HLL? a Vi atd
Cw (E + E) 6';1:j de i de [(U+ gw) dTJ]

1 R, 2.75
fu=0.09 + (0.91 + R_f) [1 — exp {— (E) }] R: = k/(wv)

turbulent Reynolds number

Cr = 0.09, Cp =1, C, =11, C(C, = 0.49,
C,o=0072, op.=1, o0,=1.8
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e Advantages with £ — £ models (or eddy viscosity models):

i) simple due to the use of an 1sotropic eddy (turbulent) viscosity

i) stable via stability-promoting second-order gradients in the mean-flow equa-
tions

ii1) work reasonably well for a large number of engineering flows

e Disadvantages:

i) isotropic, and thus not good in predicting normal stresses (v}°, v5, V%)

i1) as a consequence of i) it 1s unable to account for curvature effects

iii) as a consequence of i) it 1s unable to account for irrotational strains (stag-
nation flow)

iv) 1n boundary layers approaching separation, the production due to normal
stresses 1s of the same magnitude as that due to shear stresses
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